An induced angular momentum of the Aharonov-Bohm vector potential is revealed. Ions are constrained in appropriate electric and magnetic fields including the Aharonov-Bohm type magnetic field. In a limit of vanishing kinetic energy this system has non-trivial dynamics even in the Aharonov-Bohm magnetic field-free region. The angular momentum acquires an amount induced by the Aharonov-Bohm vector potential. Such an induced angular momentum cannot be gauged away. This new type quantum effect is so remarkable that in quantum mechanics the vector potential itself has physical significant meaning and becomes effectively measurable not only in shifts of interference spectra originated from quantum phases but also in physical observables.
The Aharonov -Bohm (AB) effect [1] , as a unusual quantum phase effect, has been received much attention for years [2, 3, 4] . According to this the interference spectrum should suffer a shift according to the amount of magnetic flux enclosed by two electron beams, even through magnetic field-free region. The AB effect is purely quantum mechanical which explored far-reaching consequences of vector potential in quantum theory.
The effect has been confirmed experimentally [5] . Since the discovering of this effect investigations in this topic concentrated on revealing new types of quantum phases: The Aharonov-Casher effect [6] , the He-McKellar-Wilkens phase [7] and the Anandan phase
This paper reveals an induced angular momentum of the AB vector potential, a new type of quantum effects. We consider ions constrained in appropriate electric and magnetic fields including the AB type magnetic field. In a limit of vanishing kinetic energy this system has non-trivial dynamics even in the AB magnetic field-free region. The ion's zero-point angular momentum acquires an amount induced by the AB vector potential.
Such an induced angular momentum cannot be gauged away. This new type quantum effect is so remarkable that in quantum mechanics the vector potential itself has physical significant meaning and becomes effectively measurable not only in shifts of interference spectra originated from quantum phases but also in physical observables.
Ions of a same type with mass µ and electric charge q(> 0) move in the following external electric and magnetic fields. The electric field E acts radially in the x 1 − x 2 plane, E i = −µω 2 P x i , (i = 1, 2), where ω P is a characteristic frequency related to the electric field, see Ref. [9] . Two magnetic fields are added: a homogeneous magnetic field B c aligns the z axis and an AB type magnetic field B 0 confined in a circle with radius 
where ω c = qB c /µc and ω 0 = qB 0 /µc are the cyclotron frequencies corresponding to, 
In the limit of vanishing mechanical kinetic energy in the Hamiltonian formalism,
and the corresponding Hamiltonian
Thus the limit of vanishing mechanical kinetic energy in the Hamiltonian formalism identifies with the limit of the mass µ → 0 in the Lagrangian formalism. The massless limit was studied by Dunne, Jackiw and Trugenberger [14] . The first term of the equation (1) shows that in the limit µ → 0 there are constraints [13, 15] 
which should be carefully treated. The Poisson brackets of the constraints are {ϕ i , ϕ i } P = µω c ǫ ij = 0, so that the corresponding Dirac brackets of 
Now we consider the angular momentum. Using Eq. (2) to replace p 1 and p 2 by, respectively, the independent variables x 2 and x 1 , the angular momentum
2 )/2, where Φ 0 = πa 2 B 0 is the magnetic flux inside the solenoid. Similarly, using A and A † to rewrite J z , we obtain J z = qΦ 0 /2πc + h A † A + 1/2 . The zero-point angular momentum of J z is J 0 = 1/2 + qΦ 0 /2πc. In the above the term
is the zero-point angular momentum induced by the AB vector potential. J AB is related to the region where the magnetic field B 0 = 0 but the corresponding vector potential
As is well known, we can perform a gauge transformation χ so that the resulting vector
with the polar angle φ(x 1 , x 2 ) = tan −1 (x 2 /x 1 ). In the Schrödinger equation the corresponding gauge transformation is G = exp(iqχ/ch). Under this gauge transformation the Hamil-
i /2. In the limit of vanishing mechanical kinetic energy the corresponding reduced constraints are ϕ
where
Using the above reduced constraints to represent p 1 and p 2 by, respectively, the independent variables x 2 and x 1 , we obtain x 1 p 2 − x 2 p 1 = µω c (x In summary, this paper reveals that besides the well known AB effects on quantum phases, there is a new type of AB effects on physical observables. In special conditions the AB vector potential induces a zero-point angular momentum in the AB magnetic fieldfree region. Such an induced angular momentum is gauge independent. The far-reaching meaning of this result is that in quantum mechanics the vector potential itself has physical significant meaning and becomes effectively measurable on both aspects: quantum phases and physical observables.
This work has been supported by the Natural Science Foundation of China under the grant number 10575037 and by the Shanghai Education Development Foundation. Hamiltonian H z (z) along the z-axis with the axial frequency ω z = 2ω P and a twodimensional Hamiltonian, and outside the solenoid it is just H ⊥ (x 1 , x 2 ) in Eq. (1).
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